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0 Preface

The following lecture notes are mostly based on textbook (Neill, Quadling, & Gilbey,
2016) questions. The author assumes the readers understands basic differentiation and
applications of differentiation.

These notes only include the key parts of the lectures and the types of problems that

often appear in the actual exam. Further reading and past-year papers practice are highly
encouraged.

1 Chain Rule

1.1 Definition

Recall that, if f(z) is a composite function:



Then it’s derivative is:
f(x) = f'(g(x)) - ¢'(2)

Or equivalently in Leibniz’s Notation, with the functions’ parameter omitted:

o _d dg

de dg dx

1.2 Differentiating (ax + b)"

Given a function of the form (ax + b)", we can use binomial theorem in order to differ-
entiate it. However, we can also show that doing it by the chain rule will yield the same
answer, in a simpler and shorter method.

1.2.1 Using Binomial Theorem
Differentiate y = (2z + 1)3.

Recall: (a +0)" =a" + <Tf) a" b + (g) a" b + (g) a" 3 + L4 b

Solution

Expand the equation:

y=(2z+1)?
y = (22)% +3(22)*(1) + 3(22)(1)* + (1)
y = 8x> + 1227 + 62 + 1

Then differentiate using the Power Rule:

dy = 242% + 24z + 6
dx

If we rearrange the equation above:

d
£:6(4x2+4x+1)
dy 2
Y 620+ 1

- 6(2z +1)

dy 2
Y9 3020 +1
- 32z +1)

This form will be important as we compare it to the result via chain rule.

1.2.2 Using Chain Rule
Differentiate y = (22 + 1)3.

Solution



Notice: The function y is composite, namely if we let y = f(g(z)):
flg(x)) = 2z +1)°
g(r) =2x+1

Find dd—J;, let u = g(x) =2z + 1:

Then find %:

Since:

Hence:
y = 4
dx
,_df dg

Y dg dx
y =3(2x+1)*-2

which is equivalent to the result in 1.2.1

1.2.3 Generalization using Chain Rule

Unlike binomial theorem, the chain rule is easier to use especially if the value of n gets
larger, when n is a fraction, or when n is negative. We can generalize the differentiation
of (ax + b)™ as:

y = (ax +b)"

Y =n(ax+0b)"""' a
1.2.4 Example Problem
Differentiate y = (22 +1)2.

Solution
Let u =2z +1:
u=2x+1
du
- —9
dx



The function y in terms of u becomes:

1
y:uQ
dy 1 _%
— = —Uu

du 2

dy 1
du  23/u
dy 1

du 232z +1

Lastly, applying the chain rule:

dy dy du
dr ~ du dx
dy 1
dv 22 +1
dy 1

dr 2z +1
2 Related Rates of Change

2.1 Introduction

The application of chain rule is especially useful for rates of change which are related to
each other. By applying the chain rule, we can obtain the relation between quantities
from two or more rates of change.

For example, we know a balloon’s rate of increase of radius r over time, i—’;. We also know

how the volume V' of the balloon changes with respect to its radius, %. From these two

quantities, we would like to know how fast the volume is increasing over time, ‘fi—‘t/.

To find it out, we can use the chain rule:

v _av dr
dt — dr dt

Most of the time, the question may or may not give only one of the rate of changes.
While for the other rate of change, we might need to derive it on our own based on the
question.

2.2 Example Problems
2.2.1 Problem 1

The number of bacteria present in a culture at time ¢ hours after the beginning of an
experiment is denoted by N. The relation between N and ¢ is modeled by N = 10(1+3¢)*.
At what rate per hour will the number of bacteria be increasing when ¢ = 67

Solution



The problem explicitly states what it requires from us, the rate per hour of number of
bacteria increasing, or in its mathematical form:

dN
dt
While what it gave us is the function N (t).

To find %, we simply need to differentiate the given function N by the chain rule.
Let u=1+ %t:
3
=14+ =t
U + 5
du 3
dt 2
Then by the chain rule:
dN dN du
dt — du dt
dN 3 3
- = 14+ 24)2. 2
ar =003
dN 3
— =45(1 + =t)?
ar = HB0+30

Finally, the question requires us to find the rate per hour at ¢ = 6, so we simply plug
that into our derivative:

dN 3
—— = 45(1 + =t)?
g~ o+ 5t)
dN 3
— =45(1+ = - 6)*
g~ P+ 5-6)
dN

— = 4500

dt

Yielding the final answer of 4¥ = 4500h~".

2.2.2 Problem 2

A metal bar is heated to a certain temperature and then the heat source is removed. At

time ¢ minutes after the heat source is removed, the temperature, 6 degrees Celsius, of
o 280 . )

the metal bar is given by 6 = 755 At what rate is the temperature decreasing 100

minutes after the removal of the heat source?

Solution

The question explicitly states the quantity it wants us to find, th rate of change of
temperature over time,

dg
dt



To find it, we simply need to differentiate the function 6(¢) by the rule:

o 280
1+ 0.02¢

0 = 280(1 + 0.02t)~"

We can let ©w =1+ 0.02¢:

u=140.02¢
du
— =10.02
o 0.0
Hence by that substitution:
0 = 280(u)"!
do
— —=_9 -2
o 80(u)
do 280
du  u?
Lastly by the chain rule:
d _db du
dt — du dt
do 280
— =——-0.02
dt u? 0.0
dd 56
dt u?
Substituting back v =1+ 0.02¢ yields:
do 5.6

At (1+0.02t)?

Finally, the question asks specifically for the rate at which ¢ = 100, so we simply plug
that value into the derivative:

o 56

dt (14 0.02t)2

o 5.6

dt — (1+0.02-100)2
do

— = —0.622

dt

Obtaining % = —0.622°C min".

2.2.3 Problem 3

The length of the edge of a cube is increasing at a constant rate of 0.5mm s~!. At the
moment when the length of the edge is 40mm, find

(a) the rate of increase of the surface area,



(b) the rate of increase of th volume.

Solution

Before we start to solve, lets first assign x as the length of the edge of the cube, A as the

surface area, and V' as the volume.

Consequently, we can denote the given rate of increase of x over time as:

dx
— =0.5
dt

Notice: The units of the given quantity is mm s—*

i.e. with respect to time.

(a) Then, the question requires us to find the quantity:

dA
dt
Observe that we can relate quantity (2) with (1) as the following:
dA  dA da
dt — dx  dt

If we can somehow find the quantity that relates the change of surface area A to the
change in length x, namely %, we can apply the chain rule to arrive at the desired result.

Now notice further how the surface area of a cube is related to its length by the expression:

A =622

simply because a cube has 6 faces and that each face has the surface area of x2.

Subsequently, we can differentiate (3):

A = 622
dA
— =12
dx o
Allowing us to find the required quantity %:
dA dA dx
dt — dx dt
dA
— =122-0.5
a
dA
2 _6
a "
Lastly, the question wants us to find the rate when x = 40, hence:
dA
% = 6z
dA
— = 6(40
- = 6(40)
dA
— =240
dt

(3)



Yielding % = 240mm?s~ 1.

(b) Similar to part (a), we are tasked to find:

av
— 4
7 (4)
Which we can also relate with (1) as:
W _dv e
dt — dx dt

Thus, we only need to find the unknown quantity %.

Observe how the volume of a cube is related to its length:
V=2a?

Differentiating the expression above allows us to find %:

V=23
av
Z = 32
dx ¢
Applying the chain rule:
W _dv
dt — dr dt
av
— =32>-05
at "
w3,
dt 2
Lastly, plug in the value x = 40:
v _ 3.
a 2"
av 3
2 — Z(40)?
dt 2< 0)
av
— = 2400
dt

Obtaining %7 = 2400m?®s~".

2.2.4 Problem 4

The water tank has a rectangular base 1.5m by 1.2m. The sides are vertical and water
is being added to the tank at a constant rate of 0.45m? per minute. At what rate is the
depth of water in the tank is increasing?

Solution

Let’s begin by denoting quantities; the depth of the tank as x and its volume V.

8



As a result, the rate of volume of water being added to the tank is denoted by:

v
o =045 (5)

And we are tasked to find the quantity:

dx
dt
Like the previous questions, we need to relate (5) and (6), namely:
v dV dx
dt — dz dt

To find the unknown %,

we have to first find how the volume is related to its depth.
Notice: The area of the base of the tank is given by the product of its length and width:

A=15-12
A=138

Consequently, its volume is just the product of its area with its depth x:

V = Az
V =18x

Differentiating the quantity above yields:

V =18z
dV
— =1.
dx 8

Relating all the quantities allow us to apply the chain rule:

v dV dx
dt — dv dt
dx
0.45=18 - —
dt
Rearranging the equation above:
dr 045
d 1.8
dx
— =0.25
dt

1

Obtaining Z—f = 0.25mm min~" as our final answer.



3 Past Paper Questions

3.1 Problem 1

T Sxcm

The diagram shows an open container constructed out of 200cm? of cardboard. The two
vertical end pieces are isosceles triangles with sides bx c¢m, 5x ¢m and 8x c¢m, and the
two side pieces are rectangles of length y ¢m and width 5z ¢m, as shown. The open top
is a horizontal rectangle.

(a) Show that y = 2001_0—2:54352' [3]

(b) Show that the volume, V' ¢m?, of the container is given by V = 240x — 28.8z3. [3]
Given that = can vary,

(c) find the value of x for which V' has a stationary value, [3]

(d) determine whether it is a maximum or a minimum stationary value. [2]

Solution

(a) Notice: The term 200 appears in the expression we are required to show, and that
the container is made up of 200cm? of cardboard. Thus it is likely that we need to find

an expression related to 200cm? to arrive at the desired expression.

Observe: With 200ecm? of cardboard, we can form an open container whose surface area
sums to 200cm?. Let’s attempt to sum the surface area of the cardboard.

Firstly, the surface area of the end piece, A7, which is triangular is given by:
1
Ap = 5 b-h
where b is the base, 8¢ ¢m, and an unknown h.

To find h, we can split the isosceles triangle into two, and utilize the Pythagorean Theo-
rem:

10



8x
4x 4x

5x 5x

By splitting, we arrive at a right-angle triangle with one of its side being 4x and its
hypotenuse b5x. By Pythagorean Theorem:

(57)* = (42)* + h?
h? = (5z)* — (4x)?
h? = 252% — 162°
h* = 922
h =3z

Now, we can find the area of the triangle, namely:

1
Ap = 1222

Then, we need to also find the surface area of one of the side pieces, which is rectangular,
given simply by:

AR:l'U}
Ar =1y bx
AR:5.I'y

Then, if we sum all the surface area, we know that they add up to 200cm?:

AE = 2AT + 2AR
200 = 2(122%) + 2(5xy)
200 = 242* + 102y

Rearranging the expression yields:

10zy = 200 — 2422
200 — 24a?
LTI

Precisely as what the question required from us.

(b) Now, the question wants us to arrive at an expression for the volume, which as we
know, the volume of a prism is given by the product of the area of the base with its height
— two quantities that we do know.

V=Ar-y

11



Utilizing our values in (a):

200 — 2422
V=122 | /—————
v ( 10z )
V = 1.22(200 — 24x2?)
V = 240z — 28.82°

(c) We are back to finding stationary points of a function, in this case the function V' (z).

Recall: To find stationary points, we need to differentiate, equate to zero, and then solve
for x.
V = 240z — 28.82°
d
W _ 940 — 86.42°
dx

Equating to zero and solving for x yields:

0 = 240 — 86.4x>

86.4x% = 240
25
2 e
S
Hence,
+5
r=—
3
But x > 0 as it signifies the value of a length, which can’t have a negative value:
5
r ==
3

(d) Lastly, we only need to determine whether the stationary point is a maximum or a
minimum.

Recall: To find the nature of a stationary point, find the second derivative of the function
and plug in the value of x.

d_V = 240 — 86.4x>
dx

d*V

At z =

wlot

Therefore, the stationary point is a maximum.

12



3.2 Problem 2

The volume of solid circular cylinder of radius r em is 250m em?.

(i) Show that the total surface area, Scm?, of the cylinder is given by S = 2mr? 4 227 [2]
(ii) Given that r can vary, find the stationary value of S. [4]

(iii) Determine the nature of this stationary value. [2]

Solution

(i) Notice: The surface area of a cylinder is given by:
S = 2mr? + 27rh (7)

While the expression required from the question has substituted the term h, the height,
by some other term to make the expression of S independent of h.

Observe: We are given the expression for the volume V' of the cylinder, and we know
that it is found by:
V = 7mr?h (8)

Plugging in V' = 2507 into (8) and manipulating it to have h as its subject:

2501 = 7mr2h
250 = r2h
250
h — 7’_2

We can substitute h in (7) to arrive at:

S = 21r® + 27rh

2
S = 27r? 4+ 27 (E)

r2

2
S =2mr? 4+ 27 (—50)
,

5007
r

S = 2mr? +

(ii) To find the stationary point of S, we need to firstly differentiate,

5007

T
S = 2mr? + 5007 (r) "

S =2mr? 4+

S 4r — 5007 (r) 2

dr
@ ~ A — 5007
dr 72

13



Equating to zero and solving for 7:

5007

0=4nmr — 2

5007
762
5007 = 4xr®
rd =125
r=29

= 47nr

Then, the question also requires us to find the stationary value of S, hence at r = 5:

§ = 2mrt 4 2007
500
S = 271'(5)2 + Tﬂ

S = 507 4 1007
S = 1507

(iii) To find the nature of the stationary value, find the second derivative of S:
s o007

%:47{'7’— 7“2

d
d—f = 47y — 5007 (r) 2
W =47 + 100071'(7’)

eS _, . 10007
dr? T r3

Plugging in the value r = 5:

Hence the stationary point is a minimum.

3.3 Problem 3

The point P(x,y) is moving along the curve y = 22

— %x% + 5z in such a way that the

rate of change of y is constant. Find the values of x at the points at which the rate of

change of z is equal to half the rate of change of y. [7]

Solution From the question, we are told that the rate of change of y is constant, that

means it can be represented by a constant:

dy
-z —k
dt

14



And that the rate of change of = is half of the rate of change of y:

d_a:_l dy

dt 2 dt

G 1 (10)
dt 2

To find the values of x, we need to find the value of y at which these rates of change take
up the values in (9) and (10).

We can relate the two quantities by the chain rule:

dy dy dt

de  dt dx
Which we can manipulate as:

dy _dy . dv

de — dt " dt
Plugging in (9) and (10):

dy _dy . dv

de  dt ~ dt

dy _ &

dv Lk

dy

= =2

dx

Now, we know that at g—gyc = 2, the rates of change are as stated in (9) and (10). To find

the corresponding z, we can differentiate y:

10
y:x2—§x%—|—5x

dy
dx

— 22— 517 45
2 =2 — 527 +5
0=2z— 522 43
Then, to solve for x, we can use the substitution u = 22 to form a quadratic:

0=2u>—5u+3
5452 —4-2-3
u:

4
5+ /25 — 24
U= —
4
5+1

U= —->:

4
Obtaining

u 5 u

15



Substituting back T3 = u,

Atu:%:
L, 3
Ty
3
\/5—5
3\ 2
r= |-
(5)
9
==
4
And at u = 1:

S~
!
-

Obtaining the values of x = % and x = 1.
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